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ABSTRACT
We study the behavior of Fft, a recently introduced estimator of instantaneous pollen flow, which is

basically the intraclass correlation of inferred pollen cloud genetic frequencies among a sample of females
drawn from a single population. Using standard theories of identity by descent and spatial processes, we
show that Fft depends on the average distance of pollen dispersal (d) and on the average distance between
sampled mothers (x1). Provided that mothers are sampled far enough apart (x1 . 5d), Fft becomes
independent of x1 and is then inversely proportional to the square of d. Provided that this condition is
fulfilled, d is directly estimable from Fft. Even when x1 , 5d, estimation can easily be achieved via numerical
evaluation. We show that the relation between Fft and d is only modestly affected by the shape of the
distribution function, a result of importance, since this shape is generally unknown. We also study the
impact of adult density within the population on Fft, showing that to achieve the correct inference of d
from Fft it must be taken into account, but that it has no effect on the distance at which mothers must
be sampled.

MOST authors (e.g., Slatkin and Barton 1989; tion distance across a landscape, sometimes a serious
underestimate. Clearly, the estimation of real-time pol-Nath and Griffiths 1996; Beerli and Fel-
len dispersal must be addressed by some other means.senstein 1999) have focused on the estimation of the

Smouse et al. (2001) have proposed a new estimation“historical” migration rate, i.e., the effective long-term
procedure, which uses only the genotypes of the moth-average (Hudson 1998). Such estimates are useful in
ers and of seedlings derived from them, along with theunderstanding the evolutionary history of a set of popu-
spatial positions of the mothers; the potentially contrib-lations, but they say nothing about the current level of
uting males are ignored. Using the sampled mothers asgene flow, a more relevant predictor of contemporaneous
strata and their seedlings as replicates, one estimates(real-time) genetic exchange among a set of populations.
the intraclass correlation of paternal gametes drawn fromThe need to estimate “real-time” gene flow rates has
a single mother, Fft, which is then used to estimate averageled to the design of direct estimators of gene flow.
pollination distance. Based on a simulation study,The most used method is currently paternity analysis
Smouse et al. (2001) have shown that Fft is directly(Schnabel and Hamrick 1995), which is especially ef-
related to the decay parameter of the pollen dispersalficient when highly polymorphic markers are used
curve.(Dow and Ashley 1996; Streiff et al. 1999), but conclu-

The aim of this article is to address several questionssive analysis requires knowledge of the identity and ge-
that have been raised by that first study:notypes of all potential males who could have contrib-

uted pollen to females within the stand. 1. How is Fft affected by the chosen dispersal function?
Several studies (Dow and Ashley 1996; Streiff et al. It will be difficult to derive a valid estimate of the

1999) have now shown that a substantial portion of average pollen dispersion from an estimate of Fft if
pollen comes from outside the stand, and it has become that parameter is overly sensitive to the shape of the
clear that characterizing all potential fathers that might (usually unknown) distribution.
have contributed pollen to the mothers within the stand 2. For any particular pollen dispersal distribution, what
is virtually a hopeless task. Lacking the ability to identify is the precise relation between Fft and the dispersal
and/or evaluate the external males, paternity analysis rate?
can provide only a minimum estimate of average pollina- 3. How is the estimate of Fft affected by the average

physical distance from one sampled mother to an-
other?

4. What is the impact of adult density within the refer-Corresponding author: Frédéric Austerlitz, Laboratoire de Génétique
et d’Amélioration des Arbres Forestiers, INRA—Domaine de l’Hermi- ence population?
tage, B. P. 45, Pierroton, F-33611 Cestas Cedex, France.
E-mail: austerli@pierroton.inra.fr Answers to these questions should allow us to design a
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proper estimate of the average pollination distance from
Fft. We develop the theoretical framework necessary to
address these issues.

THE MODEL

General context: Assume that we have an infinite pop-
ulation, with adult individuals randomly distributed
across the landscape, at density (d) per squared unit of
distance. All individuals are monoecious and self-fertile,
but they practice no more self-reproduction than would
be expected at random. Allele frequencies are uniform
across the landscape, all individuals are noninbred, and
all have the same male fecundity. We assume that male
gametes disperse independently and according to a
probability distribution, to which we return below. We
consider a sample of mothers drawn from among the
adults, spaced an average distance of x1 apart. Mothers
are chosen on the basis of spatial locations, but not on
the basis of their genotypes. We assume that spatial
positions and genotypes of adults are not correlated.

The genetic diversity within and among the pollen
clouds impinging upon the various mothers depends
upon the pollen dispersal distribution. We focus here
on two isotropic two-dimensional distributions of pollen
dispersal: the normal distribution and the exponential
distribution. In Cartesian coordinates measured from a
single mother, assumed to be at coordinates (0, 0), the
normal distribution with parameter s will be

p(x, y) 5
1

2ps2
e2(x21y2)/2s2, (1)

where p(x, y) is the probability (or more precisely the
probability density function) that a single pollen grain Figure 1.—Probability density function p(x, y) plotted
will have been drawn from coordinates (x, y). We define against the Cartesian coordinates (x, y), for the normal distri-

bution (a) and the exponential distribution (b), for the samea corresponding exponential distribution, with parame-
value of the average dispersal distance d 5 10.ter g, as

p(x, y) 5
1

2pg2
e2√x21y2/g. (2)

for both normal and exponential distributions, with the
same average pollen dispersal distance, d 5 10. TheseBoth have mean positions of (0, 0) in Cartesian coordi-
curves have very different shapes; the exponential distri-nates, centered at the focal mother herself, and decline
bution has a sharp peak at zero, but it also has a greatermonotonically (and isotropically) in every direction.
probability of reaching large dispersal distances.The average radial distance (d) of pollen flow is calcu-

The different shapes of the two distributions affectlated as the expected value of z, the average intermate
the dispersion of pollen distances for a given value ofdistance:
d. One can gauge this dispersion via the variance of

d 5 #
∞

2∞#
∞

2∞
√x2 1 y2p(x, y)dxdy. (3) pollen dispersion, defined as v2 5 E(z2) 2 E 2(z), where

z 5 (x2 1 y2)1/2 is the linear distance from the position
of the pollinating male (x, y) to the index female (0,For the normal distribution, that yields
0). Alternatively, one could use the mean squared dis-
tance h2 5 E(z2) from that same index female. In anyd 5 s!p

2
, (4)

case, all three measures (d2, h2, v2) are simple functions
of the squares of the decay rate parameters of both the

and, for the exponential distribution, normal (s2) and exponential (g2) distributions. For the
normal, the expected squared distance is

d 5 2g. (5)
E(z2) 5 #

∞

2∞#
∞

2∞
(x2 1 y2)p(x, y)dxdy 5 2s2, (6)Figure 1 gives an example of the pollen distributions
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from which we can compute h, the root-mean-square
Q0 5

1
8pg2d

(13)dispersal distance (Lande and Barrowclough 1987),

h 5 √E(z2) 5 s√2. (7) and thus an effective pollen pool size of

Nep 5 8pg2d. (14)We can extract the standard deviation, v, measured from
the mean dispersal distance, d, as Note that for both distributions, Q0 and Nep are simple

functions of s2 or g2. Whether these results are con-v 5 √E(z2) 2 E(z)2 5 s√2 2 p/2. (8)
verted into units of d, h, or v, the essential information

For the exponential, the corresponding root mean is to be found in the relevant decay rate parameter, s
square and standard deviation are or g. The choice of parameterization is largely a matter

of convenience, and for both normal and exponentialh 5 g√6 and v 5 g√2. (9)
cases, we find it useful to express Q0 in terms of the

The probability that two seedlings, derived from the average distance (d) of pollen flow. For the normal
same mother, have the same father: The “genetic struc- distribution, by substituting (4) into (11), we obtain
ture” of the pollen clouds of different maternal individu-
als is a function of the likelihood of drawing two pollen Q0 5

1
8d2d

, (15)
grains with alleles that are identical by descent. The first
task is to compute the probability that two pollen grains and for the exponential distribution, by substituting (5)
from a single female are drawn from the same male, into (13), we obtain
using the same reasoning as in Wright (1946, 1969).
The father of the first seed has coordinates (x, y) with Q0 5

1
2pd2d

. (16)
probability p(x, y). Since we assume a density of d across
the landscape, the father of the second seed will be the For equal average dispersal distances, dn 5 de, the ratio
same as the father of the first seed if his coordinates of Q0 values is (exponential:normal) 5 8:2p ≈ 1.273,
(x2, y2) fall in the square interval so for the same average pollen dispersal distance, the

exponential yields a higher probability of a single female3x 2
1

2√d
, x 1

1

2√d4, 3y 2
1

2√d
, y 1

1

2√d4. drawing two pollen grains from the same male, which
amounts to a decrease in the effective size of her pollen
pool.

As shorthand, we denote that interval as [x2, x1], [y2, The probability that two seedlings, derived from two
y1]. The probability of that event is different mothers, have the same father: Assume that

these two females are at a distance x1 apart. Without#
x1

x2
#

y1

y2

p(x2, y2)dx2dy2,
loss of generality, we set our system of Cartesian coordi-
nates so that the first female is at position (0, 0) andwhich is approximately p(x, y)/d, for d large enough.
the second is at position (x1, 0). For a male at positionTo a close approximation, we can write the probability
(x, y), the probability of fertilizing the first female is, as(Q0) that a female draws two different offspring from
above, p(x, y). For the same male, the probability ofthe same father as
fertilizing the second female is p(x 2 x1, y). The probabil-
ity Q(x1) that these two females are fertilized by theQ0 5

1
d#

∞

2∞#
∞

2∞
p2(x, y)dxdy, (10)

same male is

which, for the normal distribution, becomes Q(x1) 5
1
d #

∞

2∞#
∞

2∞
p(x, y)p(x 2 x1, y)dxdy. (17)

Q0 5
1

4ps2d
. (11)

For the normal distribution, we obtain

We define the “effective pollen pool size” (Nep) as 1/Q0 Q(x1) 5 e2x2
1/4s2

4ps2d
(18)(Smouse et al. 2001). For the normal, that implies

Nep 5 4ps2d. (12) (using Mathematica 4.0). For the exponential distribu-
tion, we haveThis is the same as Wright’s (1969, pp. 302–303) result
Q(x1) 5

1
4p2g4d #

∞

2∞#
∞

2∞
exp12√x2 1 y2 1 √(x 2 x1)2 1 y2

g 2dxdy,for neighborhood size, defined as the inverse of the
probability of identity by descent (IBD) for two uniting
gametes. That is logical, since Wright was considering (19)
one male and one female gamete, dispersing with vari-
ance s, whereas we are considering two male gametes, which can only be integrated numerically, for any given

values of g, x1, and d. Examples are given in Figure 2both dispersing with variance s. Using (2) for the expo-
nential distribution yields for the normal and exponential distributions, for an
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at random from the pollen cloud of all females,
pr(IBD) 5 ft; and for two genes sampled at random
from the whole population, pr(IBD) 5 fp. For any of
these quantities, hx 5 1 2 fx will denote the diversity
within that same compartment. We can relate Fft to
these coefficients in the same way that Fst (Nei 1973;
see also Slatkin 1991) is related to the pr(IBD):

Fft 5
ff 2 ft

1 2 ft

5 1 2
hf

ht

. (20)

To calculate hf, the diversity within the pollen cloud
of a single female, we must consider two genes sampled
within this pollen cloud. These two genes come, with
probability Q0, from the same father. In this case, they
are derived from the same paternal chromosome with
probability 1/2 and cannot be different. Also, with prob-
ability 1/2, they are derived from the different homolo-
gous chromosomes of the father and will then be differ-
ent with probability hi. Thus, two genes derived from
the same father will, on average, be different with proba-
bility hi/2.

On the other hand, these two genes will be drawn
from different fathers, with probability 1 2 Q0, in which
case they will be different with probability hp. Averaging
over all cases,

hf 5
Q0

2
hi 1 (1 2 Q0)hp. (21)

To calculate ht, the diversity within the pollen clouds
of all sampled mothers, we must consider two genes
sampled within the pollen clouds of different mothers.
Mothers are, on average, at a distance x1 from each
other. Provided that there is not too much variance of

Figure 2.—The probability Q(x1) that two genes, sampled intermother distance, these two genes have approxi-
from the pollen clouds of two mothers in the population, are mately a probability Q(x1), hereafter denoted Q , of be-
derived from the same father, as a function of distance be- ing drawn from the same father (see above). This yields,tween the two mothers (x1), for a density d 5 1, obtained using

as in (21),(18) or (19). Results are given for the normal distribution
and the exponential distribution, with average pollen dispersal
distance d 5 1 (a) or 10 (b). In all cases, this probability converges ht 5

Q
2

hi 1 (1 2 Q)hp. (22)
to 0 when the distance between mothers exceeds 5d.

We assume here no inbreeding among the adults
themselves; i.e., we set the inbreeding coefficient F 5average pollen dispersal distance (d) or 1 or 10. They
0. This coefficient is defined as F 5 1 2 hi/hp, so forshow that Q(x1) falls to zero when the distance between
F 5 0, we have hi 5 hp; i.e., two genes sampled at randommothers (x1) is on the order of 5d for either distribution,
from within the same individual are neither more normeaning that for x1 . 5d, two mothers have almost no
less likely to be identical than two genes sampled atprobability of being fertilized by the same father. This
random from the whole population, in which case, (21)event is already rather unlikely for x1 on the order of 3d.
and (22) becomeThe dependence of Q(x1) on average pollen dispersal

distance is approximately the same for both distribu-
hf 5 11 2

Q0

2 2hp (23)tions, the dependence attenuating over slightly greater
distances when the exponential distribution is used.

andDerivation of Fft: We define fi, ff, ft, and fp as the
probabilities of IBD for different pairs of genes. For two

ht 5 11 2
Q
22hp, (24)alleles within an individual, pr(IBD) 5 ft; for two pollen

grains drawn at random from the pollen cloud of a
single female, pr(IBD) 5 ff; for two pollen grains drawn respectively. Substituting (23) and (24) into (20) yields
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Fft 5
Q0 2 Q
2 2 Q

. (25)

For the normal distribution, and with no inbreeding,
we obtain

Fft 5
1 2 e2x2

1/4s2

8ps2d 2 e2x2
1/4s2 . (26)

For the exponential distribution, Q0 can be calculated
from (16), and Q 5 Q(x1) from the numerical integra-
tion given in (19), so we can calculate Fft numerically.

If the sampled mothers are far enough apart (x1 .
5d), then Q(x1) converges to zero (see Figure 2), and
(26) simplifies to

Fft 5
Q0

2
5

1
2Nep

, (27)

or, translating into d2, h2, and v2,

Fn
ft 5

1
8ps2d

5
1

16d2d
5

1
4ph2d

5
2 2 p/2

8pv2d
(28)

for the normal distribution, and

Fe
ft 5

1
16pg2d

5
1

4pd2d
5

3
8ph2d

5
1

8pv2d
(29)

for the exponential distribution. In both cases, Fft is
inversely proportional to the square of the dispersal
parameter (g or s) and therefore inversely proportional

Figure 3.—Mothers’ pollen cloud differentiation parame-to the square of (d, h, and v); our preference is to use
ter (Fft), obtained with (25), as a function of average distancethe average distance of dispersal (d). As expected, Fft
between these mothers (x1), for a density d 5 1. Results areincreases with the distance between mothers (Figure given for the normal distribution and the exponential distribu-

3), since the more distant the mothers are, the more tion with average pollen dispersal distance d 5 1 (a) or 10
differentiation is expected among their pollen clouds, (b). In all cases, Fft converges closely its value in (27) whenever

the distance between mothers exceeds 5d. The approximationall other parameters being equal. It follows that Fft con-
is quite reasonable, even for x1 . 3d.verges to the values given in (28) or (29), at the same

rate as Q converges to zero, reaching its asymptotic value
when the average distance between mothers x1 is z5d.

ratio is increased for equal h or equal v, Fft is of theAgain, the approximation is reasonable even when x1

same order of magnitude, irrespective of the dispersalexceeds 3d. For equal values of the mean dispersal dis-
distribution. Increasing density (d) decreases Fft for anytance (dn 5 de), the ratio between the two Fft values (at
given value of x1, but the rates and patterns of Fft conver-x1 . 5d) is
gence remain the same.

Fe
ft

Fn
ft

5
4
p

> 1.273. (30)

DISCUSSIONFor equal values of the root mean squared error (hn 5
he), on the other hand, we obtain

This study advances our understanding of the various
parameters that might affect the estimation of pollenFe

ft

Fn
ft

5 1.500, (31) dispersal distance, using Fft. One of the most important
results is that the Fft parameter will not depend upon

and if we equalize the standard deviations (vn 5 ve), we distance between mothers (x1) and will be inversely pro-
obtain portional to the square of the average distance of pollen

dispersal (d), provided that mothers are sampled at aFe
ft

Fn
ft

5
1

2 2 p/2
> 2.330. (32) sufficient distance one from another (in practice, x1 .

5d). In that case, as estimate of d can easily be extracted
from an estimate of Fft, which is available from an analy-For equal d, the ratio is close to unity, and while the
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sis of the pollen pools of the various sampled females of male gametes (for example for vector-pollinated spe-
cies) are also likely to occur in some cases, either of(Smouse et al. 2001).

This might sound useless from a practical point of which would inflate our estimate of Fft. We leave these
extensions for later communication.view since in experimental situations d is the unknown

parameter to be estimated. If a rough estimate of this We thank the other members of the TwoGener team, V. Sork, R.
distance is already available, however, based either on Westfall, and R. Dyer, as well as two anonymous reviewers, for helpful
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Atlantic Treaty Organization. P.E.S. is supported by McIntire-Stennis

other than this rough estimate. If it later develops that grant United States Department of Agriculture/NJAES-17309.
mothers have been placed too close to one another, the
estimate can be adjusted easily. An algorithm is de-
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APPENDIX: ALGORITHM FOR THE ESTIMATION OFgeneration, as well as the possibility that nearby males
THE AVERAGE DISTANCE OF POLLENare more related to the female (and each other) than

DISPERSAL FROM Fftrandomly placed males; but in real populations with
restricted propagule flow, the probability of IBD among We assume here that an estimate of Fft is available

from the study and that the average distance betweenpollinating adults is expected to decrease with distance
(Malécot 1973). If there were “local structure” among mothers (x1) and the adult density (d) are known. Equa-

tion 27 allows estimation of an initial value of Q0 fromthe adults, even the pollen drawn from different males
would yield increase in Q0 and Q , which would affect Fft: (i) From the initial estimated value of Q0, it is then

possible to estimate a value of g or s, using (11) or (13),Fft. Variance in male fecundity and correlated dispersal
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(ii) using g or s, either Equation 18 or 19 then yields an This recursive algorithm converges in no more than
100 iterations for the values we have tested and canestimate of Q , (iii) given this estimated value of Q , Equa-

tion 25 yields an updated estimate of Q0, be executed within a few minutes on an average PC
computer. It yields estimated values for l or s that can

Q0 5 2Fft 1 (1 2 Fft)Q ,
be directly transformed into an estimate of the average
distance of pollen dispersal (d), using (4) or (5), orand (iv) which is used in (i) to compute a new value of

g or s, and so on. into h and v, using (7)–(9).


